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One dimensional tight binding models such as Aubry-Andre-Harper (AAH) model (with onsite
cosine potential) and the integrable Maryland model (with onsite tangent potential) have been the
subject of extensive theoretical research in localization studies. AAH can be directly mapped onto
the two dimensional Hofstadter model which manifests the integer quantum Hall topology on a
lattice. However, no such connection has been made for the Maryland model (MM). In this work,
we describe a generalized model that contains AAH and MM as the limiting cases with the MM
lying precisely at a topological quantum phase transition (TQPT) point. A remarkable feature of
this critical point is that the 1D MM retains well defined energy gaps whereas the equivalent 2D
model becomes gapless, signifying the 2D nature of the TQPT.
Integer Quantum Hall Effect (IQH) is a canonical ex-
ample of a gapped bulk topological phase with no generic
symmetry protection. IQH can be captured by the 2D
Hofstadter model [1–10], a 2D lattice tight binding model
with non-zero flux per unit cell. Hofstadter model can
be mapped onto the 1D Aubry-Andre-Harper [11, 12]
(AAH) model, a 1D tight binding chain with onsite co-
sine potential. Aubry and Andre´ [12] identified a local-
ization transition in the AAH model with modulation
incommensurate with the lattice (corresponding to an ir-
rational value of flux). This result led to an extensive
theoretical investigation of the AAH model in the con-
text of localization studies [12–17]. Recent experimental
developments in photonic crystals [18–20] and ultracold
atoms [21–23] have realized this localization phenomena
in 1D quasiperiodic AAH lattices.
A completely different example of a 1D tight binding
model with an onsite tangent modulation is presented by
the 1D ‘Maryland model’. The ‘Maryland Model’ (MM)
was proposed and solved exactly by Grempel et. al. [24–
26]. MM has one-to-one correspondence with the quan-
tum kicked rotor problem which has been experimentally
realized in ultra cold atoms [27], and has been exten-
sively studied [28, 29]. We discover in the current work
a completely unexpected deep mathematical connection
between MM and IQH, which has remained unappreci-
ated in the literature. In addition, we show that MM
presents an intriguing example of a topological quantum
phase transition (TQPT).
Maryland model with period of onsite potential incom-
mensurate with lattice spacing presents an example of
a 1D quasicrystal (QC) for which a special ‘quasiperi-
odic’ transatlion symmetry was recently identified [19].
A family of 1D QCs taken together (generalized AAH,
Fibonacci [30]) [20, 31] has been topologically classified
with an equivalent IQH topology in 2D. This classifica-
tion was identified by connecting different models of QCs
with the same topological invariant corresponding to the
real space 2D lattice with a flux [31]. An argument was
made [19] and subsequently debated [32, 33] that this
quasiperiodic translation symmetry allows one to asso-
ciate 2D IQH invariants to each 1D member of the fam-
ily of QCs [19]. The fact that the MM belongs to this
1D quasicrystal symmetry class and was not associated
with the IQH topology calls for an investigation of this
model from a fresh perspective. We base our arguments
only on the well established connection between families
of 1D tight binding models with periodic modulation and
2D IQH topology [1, 11, 12].
In this letter, we take a fresh approach in understand-
ing the relationship between the IQH topology and the
Maryland model. We construct a family of 1D tight bind-
ing models parameterized by a phase with a general on-
site modulation potential that contains AAH and MM
as limiting cases. We construct the equivalent real space
2D lattice model by taking an inverse Fourier transform
with respect to this phase parameter. We analyze the en-
ergy spectrum of the general 1D model as a function of
the phase parameter. We identify the topological invari-
ants for this general model using the theory of electric
polarization [34, 35] which provides a natural framework
to study IQH invariants. Based on this analysis we ex-
plicitly show that the Maryland model sits at the critical
point of a quantum phase transition to the topologically
trivial state. The criticality of the Maryland model al-
lows us to associate topological invariants to it in a purely
mathematical sense using the limiting procedure along
the deformation path in the parameter space. We show
that even though the 1D gaps are preserved throughout
the deformation from AAH to MM, the energy gaps in
the equivalent 2D model close at the TQPT, as required
by general considerations. We discuss the consequences
of this result for the topological classification of 1D QC
families [19, 32, 33].
We consider a 1D tight binding chain of size N with
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2an onsite potential modulation Vn(α,ϕ),
H(ϕ, α) = −
N−1∑
n=1
t(c†n+1cn + c
†
ncn+1)−
N∑
n=1
Vn(α,ϕ)c
†
ncn,
(1)
Vn(α,ϕ) = 2λ
(
cos
(
2pinb+ ϕ− αpi2
)
1 + α cos(2pinb+ ϕ)
)
,
where c†n and cn are creation and annihilation operators
on the site n = 1, 2, . . ., N , and t is the amplitude
of the nearest neighbour hopping. The onsite potential,
Vn(α,ϕ), is characterized by the strength λ, period 1/b
and the phase parameter ϕ. The parameter α interpo-
lates between the limiting cases AAH (α = 0) and MM
(α = ±1),
Vn(α,ϕ) = 2λ

cos(2pinb+ ϕ) for α→ 0
(
tan
(
2pinb+ϕ
2
))α
for α→ ±1
(2)
This general onsite potential is a smooth function of α in
the open interval α ∈ (−1, 1). Vn(α,ϕ) has singularities
at α = ±1 corresponding to the integrable MM which
we approach asymptotically in a limiting sense and we
define TQPT in terms of these singularities. Vn(α,ϕ)
is a specific example of a generic 2pi periodic onsite po-
tential F [2pinb + ϕ], where F(z) is an analytic function
everywhere except in the limit of singular MM where it
acquires isolated poles.
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Figure 1. |Inl(α)|, as a function of α for different hopping
range l. As α → 0 (AAH model) only the nearest neighbor
hopping term is non-zero (l = 1, shown in red). Long-range
hopping amplitudes increase with α and in the limit α→ ±1
(Maryland model) the hopping amplitudes of all ranges are
equal to unity (|Inl(α)| = 1).
2D ancestor:- Taking an inverse Fourier transform with
respect to ϕ results in a real space lattice which is the 2D
Hofstadter model with a flux b per unit cell. The same
idea applies to the Hamiltonian in Eq. (7),
H2D(α) =
∫ pi
−pi
dϕH(ϕ, α)eimϕ,
cn ≡ cn(ϕ) = 1√
2pi
∑
m
eimϕcn,m, (3)
where n,m = 1, .., N . The resulting real space 2D Hamil-
tonian equivalent to H(ϕ, α) (up to a constant energy
shift) reads,
H2D(α) =
∑
m,n
[t(c†n,mcn+1,m + c
†
n+1,mcn,m)
+ 2λ
∞∑
l=0
(Inl(α)c
†
n,mcn,m−l + h.c.)], (4)
where
Inl(α) = e
−il(2pinb+αpi2 )
[
eipiα
α
δl,0 +
(
−1 +
√
1− α2
)l−1
×
(
2− α2(1− eipiα)− 2√1− α2)
2αl+1
√
1− α2
]
. (5)
describes the hopping amplitude from site m−l to m, i.e.
a hopping of range l (l = 0 term is the constant shift in
the onsite energy). Note that Inl(α) in Eq. (11) is defined
in a limiting sense at the special points α = 0,±1 (AAH
and MM) [36]. Fig. 1 plots the absolute value of the hop-
ping amplitude |Inl(α)| for different values of the hopping
range l as a function of α. In the limiting case of α→ 0
(AAH) only the l = 1 term survives, In1(0) = 1/2, which
corresponds to the nearest neighbor hopping of the Hof-
stadter model. As α increases, hopping terms of longer
range l in the m-direction acquire non-vanishing ampli-
tudes. In the limiting case of α→ ±1 (MM) the dual 2D
lattice acquires long range hopping terms of arbitrarily
large l in the m-direction all of equal unit amplitude, see
Eq. (11). This arbitrarily long range hopping singular-
ity is indicative of a quantum phase transition occurring
at the critical points α = ±1. To elucidate the physical
nature of these α = ±1 critical points further, we ana-
lyze the band structure and the topological invariants of
Eq. (7) as a function of α.
Band structure:- We impose open boundary conditions
on the 1D tight binding Hamiltonian, H(ϕ, α), in Eq. (7)
and numerically diagonalize it for the system size of
N = 200 sites. It is instructive to plot the resulting
energy bands as a function of the phase parameter ϕ,
which captures the 2D band structure in the hybrid space
(n, ϕ). We start with the case of a commensurate mod-
ulation by setting b = 1/5 and λ = 1. Fig. 8 shows
the resulting band structure as a function of the phase
parameter ϕ for four different values of α. The case of
AAH (α = 0), top left panel of Figure 8, demonstrates
a well defined set of gaps reflecting the robust integer
quantum Hall topology of the 2D Hofstadter model. For
3Figure 2. The energy spectrum plotted for N = 200 sites, b =
1/5 and λ = 1 for α = 0 (AAH model), α = 0.8, α = 0.98 and
α = 1.0 (Maryland model). The red line separates empty and
filled states in the spectrum. Instead of fixing the Fermi level
in our numerics we fix the number of particles per site since
the latter can be fixed thorughout the deformation driven by
the parameter α and even at α = 1.
α = 0.8 and α = 0.98, the band gaps gradually decrease.
All band gaps close (scale to zero with the system size)
precisely at the critical point α = 1 (as explicitly shown
using the exact spectrum [36, 37]). The gapless nature
of the 2D spectrum for the MM case (α = ±1) in the hy-
brid space (n, ϕ) is explicitly confirmed using the exact
analytical expression for the MM spectrum with com-
mensurate modulation [37].
Closing of the spectral gaps coincides with the hopping
range divergence in the 2D lattice and indicates a TQPT
in the system as α→ ±1 (i.e. at the MM point). The in-
teresting aspect of MM is that the 2D spectrum is gapless
in the reciprocal space (kn, ϕ) whereas the 1D spectrum
has well defined gaps for each value of ϕ. Here kn is the
Fourier image of the site index n. The fact that the 1D
MM spectrum has gaps whereas the corresponding dual
2D spectrum is gapless makes perfect sense since the non-
trivial TQPT can only exist in the 2D space. The scale
invariance of the system at the transition point can also
be explicityly demonstrated [36].
Chern number from polarization theory:- In the follow-
ing, we change α from 0 to 1 and track the change in the
IQH topological invariant associated with the 2D system
(Eq. (7)) in the hybrid space (n, ϕ). An ideal tool for
this task is the polarization of the 1D chain defined in
the hybrid space [34, 35]. The polarization of a finite 1D
insulator is given by the average charge center of the hy-
Figure 3. HWF centers plotted as a function of the adiabatic
parameter ϕ for α = 0 (AAH model), α = 0.8, α = 0.98 and
α = 1.0 (Maryland model).
brid Wannier function (HWF) (n¯(ϕ)) of the system [38],
n¯(ϕ) =
∑
n〈nρ(n, ϕ)〉∑
n〈ρ(n, ϕ)〉
, (6)
ρ(n, ϕ) =
∑
occupied states
|n, ϕ〉〈n, ϕ|,
where n is the real space site index and |n, ϕ〉 is the hybrid
eigenstate of the system, and the angular brackets 〈...〉
stand for the ground state expectation value given a fixed
filling factor.
Non-zero Chern number is reflected in a discontinuity
of n¯(ϕ) as a function of the phase (or gauge) parameter ϕ.
This discontinuity is a robust feature of the IQH and was
recently proposed [38] as a tool to measure topological
invariants directly in 2D cold atomic systems [9, 10, 39].
Note that the generalized 1D chain (Eq. (7)) has well
defined gaps in the spectrum for any fixed ϕ and |α| ≤ 1
(including the Maryland model) which allows us to define
the 1D polarization in terms of HWF centers in the whole
parameter space.
In Fig 3, we plot the shift in the HWF centers for the
same values of α (for b = 1/5) as in Fig. 8. We fix the fill-
ing factor (particle number per site) such that the chem-
ical potential is in the gap above the top of the lowest
band in the AAH limit (α = 0). In the limit of AAH, the
HWF center as a function of ϕ shows a one unit cell jump
corresponding to the Chern number C = 1, or, equiva-
lently, a transfer of charge e by a distance of one unit cell
as ϕ changes by a period, reflecting topological charge
pumping [2]. We monitor this jump (invariant) as we
deform AAH (α = 0) to MM (α→ 1) keeping the filling
factor fixed. Note that the polarization jump correspond-
ing to the topological charge transfer survives in the MM
limit α→ 1, see Fig. 3 bottom right. It may seem para-
doxical at first that we can associate a Chern number
4with a gapless system. The limiting procedure α → 1
allows to project on to the states that are connected to
the a topological band defined for |α| < 1. Note that the
topology is not robust as any infinitesimal perturbation
may mix the states thereby violating the quantization of
the topological response. Such behavior is expected of
a critical phase at α = 1 on general grounds. Note the
additional discontinuities appearing in HWF shift n¯(ϕ)
in the case of MM, Fig. 3 bottom right arise due to the
divergent onsite potential effectively breaking the system
up into smaller subsystems coupled by tunneling.
Figure 4. 1D quasicrystal band structure and the shift in po-
larization as a function of the phase ϕ for AAH model (upper
panel) and Maryland model (lower panel) for b = 110001
1000000
.
Topological classification of 1D quasicrystals:-Families
of 1D incommensurate tight binding models manifest a
special ‘quasiperiodic’ translational invariance: an arbi-
trary shift in the phase ϕ→ ϕ+ δϕ can be compensated
by a shift along the chain n→ n+ δnδϕ. Note that this
is true only at irrational values of b since only in this case
2pibn forms a dense set mod 2pi. It has been argued [19]
that this quasiperiodic translational invariance allows one
to assign the same Chern number to each member of the
family of QCs, i.e. for each value of the phase parameter
ϕ. This interpretation has been challenged in Ref. [32].
The quasiperiodic translation symmetry is preserved in
the case of the Maryland model (α = 1) which sits exactly
at the critical point of a 2D TQPT. In Fig. 4 we plot the
band structure and the change in the polarization as a
function of the phase ϕ for the incommensurate AAH and
MM. We choose the flux fraction to be a truncated Liou-
ville constant (Liouville numbers are irrational numbers
infinitely close to rational numbers). Note that the finite
size Maryland model still demonstrates the presence of
a non-zero Chern number in the same restricted sense
as we found for the commensurate case. The constant
slope of n¯(ϕ) in Fig. (4) manifests the constant Berry
curvature (as a function of ϕ), see [36] for details. The
latter being a signature of the ‘quasiperiodic’ translation
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Figure 5. The phase diagram of Eq. (7) parameterized by
|α| ≤ 1, the deformation parameter interpolating between
the AAH and the Maryland model.
invariance as noted by Kraus et. al in Ref. [19]. Remark-
ably, the spectrum is gapped in the incommensurate (Li-
ouville) 1D model Eq. (7) (for fixed ϕ) for |α| < 1 and
forms a dense set for α = ±1 (rather than a continuous
set), whereas the equivalent 2D model becomes gapless
as we approach critical points α = ±1. The details of
the 1D spectrum depend on the type of the irrational
number b however at no value the spectrum becomes ab-
solutely continuous [29]. Within the class of 1D models
with quasiperiodic symmetry, Maryland model manifests
a 2D topological phase transition as a function of the
deformation parameter α which can only be realized by
sweeping the phase ϕ (see Fig. 5).
Conclusion:- We have identified a previously unknown
topological feature of the Maryland model introduced in
Refs. [24, 25] in the context of Anderson localization and
kicked quantum rotor studies. We show that this model
represents a topological quantum phase transition point
in a class of corresponding 2D lattice models with IQH
topology. The criticality allows us to associate topolog-
ical invariants with the Maryland model in a restricted
mathematical sense at the special filling factors that are
adiabatically connected to the spectral gaps in the 1D
Aubry-Andre-Harper model. Our theory presented in
this work establishes deep and unexpected mathematical
connections between 2D topological models and a family
of 1D incommensurate localization models.
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5Appendix
2D ancestor for general model
In this section we give details of obtaining the 2D real
space lattice starting from 1D Hamiltonian (Eq. (7)). We
start by inverse fourier transforming the momentum pa-
rameter of the second dimension ϕ. This is a standard
procedure that has been carried out in a compact way in
Ref. ([31]). This exercise allows us to capture the 2D lat-
tice with flux as a function of the deformation parameter
α.
H(ϕ, α) = −
N−1∑
n=1
t(c†n+1cn + c
†
ncn+1)−
N∑
n=1
Vn(α,ϕ)c
†
ncn,
(7)
Vn(α,ϕ) = 2λ
(
cos
(
2pinb+ ϕ− αpi2
)
1 + α cos(2pinb+ ϕ)
)
,
The real space 2D lattice equivalent of the above 1D
Hamiltonian can be obtained from the following fourier
transform.
H2D =
∫ pi
−pi
dϕH(ϕ)einϕ
cn ≡ cn(ϕ) = 1√
2pi
∑
m
eiϕmcn,m (8)
We can explicitly write out the 2D real space lattice as,
H2D =
∑
m,n
[−t(c†n,mcn+1,m + c†n+1,mcn.m) (9)
+ λ
∑
m′
∫
dϕ
2pi
−Vn(α,ϕ)
2
(eiϕ(m−m
′)c†n,mcn,m′ + h.c.)]
we can perform the shift m′ = m − l where l can be
defined as the range of hopping
H2D =
∑
m,n
[−t(c†n,mcn+1,m + c†n+1,mcn.m) (10)
− λ
∑
l
Inl(e
iϕlc†n,mcn,m−l + h.c.)]
Now all that remains is to calculate the hopping terms
Inl in the second term which is given in the form of an
integral.
Inl =
∫
dϕ
2pi
(
cos(2pinb+ ϕ− αpi2 )
1 + α cos(2pinb+ ϕ)
)
eiϕl
Following Ref. ([31]), we perform analytical continuation
to the complex plane by setting z = eiϕ. The 2D hopping
term can be written as an integral over an unit circle in
the complex plane.
Inl = e
−il(2pinb+αpi2 )
∮
dz
2pii
zl−1
z2 + eiαpi
αz2 + 2z + α
For the above contour integral there are simple poles for
any l 6= 0 at z = −1±
√
1−α2
α and for l = 0 (onsite energy
term) there is an additional pole at z = 0. Since the
contour is defined on a unit circle, the poles within the
unit circle are z = 0 (l = 0) and z = −1+
√
1−α2
α .
Inl(α) = e
−il(2pinb+αpi2 )
[
eipiα
α
δl,0 +
(
−1 +
√
1− α2
)l−1
×
(
2− α2(1− eipiα)− 2√1− α2)
2αl+1
√
1− α2
]
. (11)
At the special points of the parameter α → 0 (AAH
limit), we have In1 = 1 and for l 6= 0 Inl = 0. In this limit
we recover the 2D lattice equivalent of AAH model, which
is the nearest neighbor 2D lattice with a flux. For α→ 1
(MM limit) the poles approach the unit circle contour
and has to be evaluated via principal value prescription.
In this limit we obtain an infinite range hopping in the
m direction. This non-local hopping manifests in the
hopping term as In0 = 0 and Inl = (−1)l∀l ≥ 1.
Universal scaling of the energy gaps near the critical
point α→ 1
Blue : Bottom gap
Red : Top gap
0.00 0.02 0.04 0.06 0.08 0.10
0.0
0.1
0.2
0.3
0.4
0.5
0.6
1-Α
D

t
Figure 6. Scaling of the Band gaps for b=1/3 as a function of
1−α. Red and Blue lines correspond to the two gaps for the
case of b=1/3. Numerical energy spectrum is calculated for
periodic boundary conditions and the number of sites N = 99.
In this section, we provide additional details to shed
further light on the nature of the critical phenomena in
the generalized model defined in Eq. (1). It is instruc-
tive to monitor the behavior of a physical characteristic
of the system as the critical point is approached in the
parameter space. In this case the physical quantity we
look at is the energy gap, which is inversely related to
some power of the correlation length in the system. The
gap vanishes in the limit α → 1 of the critical point.
Monitoring the band gap as a function of α has a twofold
advantage.: 1) We demonstrate the universal scaling of
the energy gap close to the critical point by monitoring
different gaps. We show that the gaps converge to the
6same critical behavior as we get approach the critical
point. This is provides additional evidence for the un-
derlying scale invariance and associated criticality of the
system at α = 1. 2) We can extract critical exponents
that may be used to identify the universal scaling behav-
ior of the critical phenomena. For the general 2D model
described in the main text in the hybrid representation
(n, ϕ), the energy gaps are indirect. Each of the gaps
gets progressively smaller as α→ 1 and closes at exactly
q points in the full 2D Brillouin zone (as opposed to the
reduced Brillouin zone defined by magnetic translations),
given a rational flux fraction b = p/q. We monitor the
energy gap as a function of the deviation from criticallity
characterized by 1− α which we define as
∆ = (Min{En+1} −Max{En}), (12)
where En is the energy of the nth subband in the spec-
trum. For b = p/q, there are q − 1 gaps separating q
subbands in the spectrum [? ]. Note that the two terms
in the right hand side may be at different different points
in the 2D Brillouin zone reflecting the indirect nature
of the gap. We consider an example where b = 1/3.
Fit HBlack lineL : y = 0.704367 + 0.501255 x
Blue : Bottom gap
Red : Top gap
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Figure 7. Log-Log plot of the gap vs 1 − α. Red and Blue
points correspond to numerical data and black line is a linear
fit of the numerical data. Numerical energy spectrum is cal-
culated for periodic boundary conditions and the number of
sites N = 99.
The spectrum has two gaps in the AAH limit α → 0.
In the MM limit the bands touch at 3 points where the
gaps close. We impose periodic boundary conditions for
N = 99 sites. In Fig. (6) we plot the energy difference ∆
between the extreme points in the subbands at these gap
closing points. We plot ∆(n) for the two gaps (n = 1 and
n = 2) as a function of 1 − α for α between 0.900-0.999
in steps of 0.001. We extract the critical exponent from
the slope of the log-log plot (see Fig. (7)) by fitting to
a straight line. The numerical critical exponent we ob-
tain is ∼ 0.5, which indicates a mean field type of critical
behavior.
Exact energy spectrum for Maryland Model for
b = 1/3.
(a) (b)
(c) (d)
Figure 8. Exact energy spectrum with periodic boundary
conditions.(a) Energy spectrum as a function of the parameter
ϕ with fixed θ = 0, λ = 1 for b = 1/3. (b) Spectrum of
the solution corresponding the lowest energy subband. (c)
Energy spectrum corresponding to the central subband. (d)
Exact energy Spectrum corresponding to the top band.
In this section we present the exact energy spectrum of
the commensurate MM for flux fraction b = 1/3. Follow-
ing Ref. ([37]), we can write a general equation for the
energy spectrum for arbitrary values of b = p/q.
cos qkx = cosh qγ cos qµ+ sinh qγ sin qµ cot(q(ϕ+ pi/2))
(13)
where we have defined cosh(γ) cos(µ) = E/2 and
sinh(γ) sin(µ) = λ. E is the energy eigenvalue and kx
is the fourier image of the lattice site index n. Using
Eq. (13), one can analytically compute the energy spec-
trum E ≡ E(kx, ϕ). Eq. (13) immediately shows that
there are q solutions corresponding to q subbands. For
b = 1/3, the solutions can be obtained in closed form.
The actual expression are cumbersome and we just show
plots of the spectrum solutions for b = 1/3 (Fig. (8))
for kx = 0, which corresponds to the smallest gap along
kx. We plot three solutions corresponding to the three
bands Fig. 8 b,c,d. We put together these bands to con-
struct the full spectrum Fig. 8a. The full spectrum is in
agreement with the numerical results in the main text in
the MM limit. Note however that the numerical calcula-
tion was done for open boundary conditions and therefore
manifests edge states. The exact spectrum demonstrates
the gapless nature of the 2D spectrum of MM. The en-
ergy gaps between subbands close exactly at α = 1 and
7as a result there is no mixing between the states of in dif-
ferent subbands except exactly at the point of subband
touching (which is a set of measure zero). This allows
us to define the topological index for each subband in a
mathematical sense by projecting onto the states of the
lowest band up to the touching point, i.e. the filling fac-
tor is such that the chemical potential is exactly at the
touching point. Clearly any attempt to measure response
in this case will excite states from both of the subbands
and therefore the response function will not be quantized.
In this sense topological index is not well defined.
Periodic vs open boundary conditions
In this section we show the numerical energy spectrum
for periodic and open boundary conditions in the MM
limit (α = 0.999). Fig. (9a) shows the energy spectrum
with open boundary conditions (obc) for N = 200 sites
and b = 1/5. The edge states manifest for obc (marked
within the box). These edge states are absent in the
spectrum obtained from the periodic boundary condi-
tions (pbc). We explicitly see the manifestation of the
features associated to the non-trivial topology in the MM
limit.
(a) (b)
Figure 9. Numerical energy spectrum as a function of ϕ with
(a) open boundary conditions and (b) periodic boundary con-
ditions for α = 0.999, N = 200 sites and b = 1/5.
Berry curvature from the slope of the Wannier
charge center
In this section we define the slope of the Wannier
charge center to be proportional to the Berry curvature.
In the case of quasiperiodic MM (incommensure modula-
tion) the presence of an additional quasiperiodic transla-
tion symmetry which requires equivalence of translation
along the site index n with a translation in the space of
the parameter ϕ, requires the independence of the Berry
curvature on the parameter ϕ Ref. [19]. Below we show
that this is reflected in the slope of Wannier charge cen-
ter plot as a function of ϕ being independent of ϕ. The
spectral projector was defined as,
ρ(n, ϕ) =
∑
i∈occupied
ψ∗i (n, ϕ)ψi(n, ϕ)
The Wannier charge center can be written as,
n¯(ϕ) =
∑
n
nρ(n, ϕ) (14)
n¯(ϕ) =
∑
n
∑
i∈occupied
nψ∗i (n, ϕ)ψi(n, ϕ) (15)
To calculate the slope we differentiate this with respect
to ϕ on both sides,
∂n¯(ϕ)
∂ϕ
=
∑
n
∑
i∈occupied
n
(
∂ψ∗i (n, ϕ)
∂ϕ
ψi(n, ϕ)
+ ψ∗i (n, ϕ)
∂ψi(n, ϕ)
∂ϕ
)
(16)
We can write,
n ψi(n, ϕ) =
∫
dθ
2pii
ψi(θ, ϕ)
d
dθ
(eiθn)
Substituting the above expression in Eq. (16) and inte-
grating by parts we get,
∂n¯(ϕ)
∂ϕ
=
∑
i∈occupied
∑
n
einθ
∫
dθ
2pii
Im
(
∂ψ∗i (n, ϕ)
∂ϕ
∂ψi(θ, ϕ)
∂θ
)
We can identify that the sum over n can be absorbed as
a fourier transform from n to θ. The resulting expression
is the Berry curvature integrated over θ parameter.
∂n¯(ϕ)
∂ϕ
=
∑
i∈occupied
∫
dθ
2pii
Im[(∂ϕψi∂θψi)] (17)
Note that the θ integral is redundant too as the berry
curvature is a property of the bulk bands and is indepen-
dent of the twisted boundary conditions that θ imposes.
We can directly see that for a constant slope the berry
curvature us quantized and the Chern number is com-
pletely determined by the right hand side of Eq. (17).
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